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Abstract
We investigate how a spherically symmetric scalar field can modify the Schwarzschild vacuum
solution when there is no exchange of energy-momentum between the scalar field and the central
source of the Schwarzschild metric. This system is described by means of the gravitational
decoupling by Minimal Geometric Deformation (MGD-decoupling), which allows us to show
that, under the MGD paradigm, the Schwarzschild solution is modified in such a way that a
naked singularity appears.
1 Introduction
The Einstein-Klein-Gordon system has been studied for a long time. In recent years, the interest
in it has been renewed mainly because many alternatives to General Relativity (GR) contain scalar
fields (see Ref. [1] for a brief review). These scalar fields therefore appear of vital importance to
elucidate the possible deviations suffered by GR. If we want to study these deviations, the simplest
system to be investigated is the spherically symmetric vacuum, now converted into a scalar-vacuum,
∗Corresponding author: jovalle@usb.ve
†casadio@bo.infn.it
‡roldao.rocha@ufabc.edu.br
§adrian.sotomayor@uantof.cl
¶zdenek.stuchlik@fpf.slu.cz
1
which could modify the well-known Schwarzschild black hole solution. In this respect, possible
conditions for circumventing the no-hair conjecture have been investigated in different scenarios
(see Refs. [2–9, 11, 12] for some recent results and Refs. [13–18] for earlier works). In particular, a
fundamental scalar field ψ has been considered with great interest in Ref. [19] (see also references
therein).
In a recent work [20], instead of considering specific fundamental fields to generate hair in black
hole solutions, we have assumed the presence of an additional completely generic source described
by a conserved energy-momentum tensor θµν . The main feature of the source θµν , which defines
a spherically symmetric “tensor-vacuum”, is that it gravitates but does not interact directly with
the matter that sources the (hairless) black hole solutions 1. This was developed in the context of
the MGD-decoupling, originally proposed [22, 23] in the context of the brane-world [24] and later
extended to investigate new black hole solutions in Refs. [25, 26] (for some earlier works on the
MGD, see for instance Refs. [27–30], and Refs. [31–52] for some recent applications).
For a tensor-vacuum described above, many black black hole solutions with primary hairs and
horizon rH = 2M were found [20], and a fundamental characteristic was discovered: the tensor-
vacuum must be anisotropic. This feature points to scenarios with Klein-Gordon (KG) type fields
ψ, which naturally induce anisotropy in the Einstein field equations. This is precisely the case under
scrutiny in this paper, namely, the tensor-vacuum will be represented by the energy-momentum
tensor θµν of a KG scalar field ψ, which gravitates but does not interact directly with the matter
that sources the central source of the Schwarzschild solution.
2 MGD decoupling for two sources
The MGD-decoupling represents the first simple and systematic approach to decoupling gravita-
tional sources in GR. It has some properties very useful in the search for new solutions of Einstein’s
field equations. The two main feature of this approach are the following [21]:
• Extending simple solutions into more complex domains. We can start from a simple energy-
momentum tensor Tµν and add to it more complex gravitational sources. The starting source
Tµν could be as simple as we wish, including the vacuum indeed, to which we can add a first
new source, say
Tµν 7→ T˜ (1)µν = Tµν + T (1)µν . (2.1)
We can then repeat the process with more sources. In this way, we can extend solutions of
the Einstein equations associated with the simplest gravitational source Tµν into the domain
of more complex forms of gravitational sources Tµν = T˜
(n)
µν , step by step and systematically.
This is precisely the case used in this paper: from the Schwarzschild solution (Tµν = 0) to
the scalar-vacuum solution [see further Eq. (4.41)].
• Deconstructing a complex gravitational source. In order to find a solution to Einstein’s equa-
tions with a complex energy-momentum tensor T˜µν , we can split it into simpler components,
say Tµν and T
(i)
µν , and solve Einstein’s equations for each one of these parts. Hence, we will
find as many solutions as are the contributions T
(i)
µν in T˜µν . Finally, by a straightforward com-
bination of all these solutions, we will obtain the solution to the Einstein equations associated
with the original energy-momentum tensor T˜µν .
1This feature can be fully justified in the context of dark matter.
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Since Einstein’s field equations are non-linear, the MGD-decoupling represents a powerful tool in
the search and analysis of solutions, especially when we deal with situations beyond trivial cases.
Let us start from the standard Einstein field equations
Rµν − 1
2
Rgµν = −k2 T (tot)µν , (2.2)
and assume the total energy-momentum tensor has the form [53]
T (tot)µν = Tµν + θµν . (2.3)
Since the Einstein tensor satisfies the Bianchi identity, the total source in Eq. (2.3) must satisfy
the conservation equation
∇µ T (tot)µν = 0 . (2.4)
Next we consider the static and spherical symmetric case, for which the metric gµν reads
ds2 = eν(r) dt2 − eλ(r) dr2 − r2 dΩ2 , (2.5)
where ν = ν(r) and λ = λ(r) are functions of the areal radius r only, ranging from r = 0 (the star
center) to some r = R (the star surface). The metric (2.5) must satisfy the Einstein equations (2.2),
which in terms of the two sources in (2.3) explicitly read,
k2
(
T 00 + θ
0
0
)
=
1
r2
− e−λ
(
1
r2
− λ
′
r
)
, (2.6)
k2
(
T 11 + θ
1
1
)
=
1
r2
− e−λ
(
1
r2
+
ν ′
r
)
, (2.7)
k2
(
T 22 + θ
2
2
)
= −e
−λ
4
(
2ν ′′ + ν ′2 − λ′ν ′ + 2 ν
′ − λ′
r
)
(2.8)
where f ′ ≡ ∂rf and T˜ 33 = T˜ 22 due to the spherical symmetry. The conservation equation (2.4) is
a linear combination of Eqs. (2.6)-(2.8), and yields
(
T˜ 11
)′
− ν
′
2
(
T˜ 00 − T˜ 11
)
− 2
r
(
T˜ 22 − T˜ 11
)
= 0 , (2.9)
which in terms of the two sources in Eq. (2.3) read,(
T 11
)′ − ν′2 (T 00 − T 11 )− 2r (T 22 − T 11 )
+
[(
θ 11
)′ − ν′2 α (θ 00 − θ 11 )− 2αr (θ 22 − θ 11 )] = 0 . (2.10)
By simple inspection, we can identify in Eqs. (2.6)-(2.8) an effective density ρ˜, an effective radial
pressure p˜r and an effective tangential pressure p˜t
ρ˜ = T 00 + θ
0
0 ; p˜r = −T 11 − θ 11 ; p˜t = −T 22 − θ 22 , (2.11)
which clearly show the anisotropy
Π ≡ p˜t − p˜r . (2.12)
The system of Eqs. (2.6)-(2.8) may therefore be formally treated as an anisotropic fluid [54–57].
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The MGD-decoupling can now be applied. We can then proceed by considering a solution to
the Eqs. (2.2) for the source Tµν [that is Eqs. (2.6)-(2.9) with θµν = 0], which we can write as
ds2 = eξ(r) dt2 − dr
2
µ(r)
− r2 (dθ2 + sin2 θ dφ2) , (2.13)
where
µ(r) ≡ 1− k
2
r
∫ r
0
x2 T 00 (x) dx = 1−
2m(r)
r
(2.14)
is the standard GR expression containing the Misner-Sharp mass function m(r). The effects of the
source θµν on Tµν can then be encoded in the MGD undergone solely by the radial component of
the perfect fluid geometry in Eq. (2.13). Namely, the general solution is given by Eq. (2.5) with
ν(r) = ξ(r) and
e−λ(r) = µ(r) + α f∗(r) , (2.15)
where f∗ is the (minimal) geometric deformation due to the effects of the source θµν and α a
constant that helps to keep track of these effects. Now let us plug the expression in Eqs. (2.15)
in the Einstein equations (2.6)-(2.8). The system is thus separated in two sets: i) one with the
standard Einstein field equations for an energy-momentum tensor Tµν , whose metric is given by
Eq. (2.13),
k2 T 00 =
1
r2
− µ
r2
− µ
′
r
, (2.16)
k2 T 11 =
1
r2
− µ
(
1
r2
+
ξ′
r
)
, (2.17)
k2 T 22 = −
µ
4
(
2ξ′′ + ξ′2 +
2ξ′
r
)
− µ
′
4
(
ξ′ +
2
r
)
(2.18)
and its respective conservation equation
(
T 11
)′ − ν ′
2
(
T 00 − T 11
)− 2
r
(
T 22 − T 11
)
= 0 , (2.19)
and ii) one with the equation of motion for the source θµν , the so-called “quasi-Einstein” system,
which reads
k2 θ 00 = −
αf∗
r2
− αf
∗′
r
, (2.20)
k2 θ 11 = −αf∗
(
1
r2
+
ν ′
r
)
, (2.21)
k2 θ 22 = −
α
4
[
f∗
(
2 ν ′′ + ν ′2 + 2
ν ′
r
)
+ f∗
′
(
ν ′ +
2
r
)]
(2.22)
and its conservation equation
(
θ 11
)′ − ν ′
2
(
θ 00 − θ 11
)− 2
r
(
θ 22 − θ 11
)
= 0 . (2.23)
From the expressions (2.10), (2.19) and (2.23) we see that there is no exchange of energy between
the sources Tµν and θµν and therefore their interaction is purely gravitational.
In the next section, we shall solve the above equations for a physically relevant and well-known
system, namely, the scalar-vacuum, described by the Einstein-KG equations.
4
3 Black holes and naked singularities
Let us start by considering possible black hole solutions associated with the “tensor-vacuum”
introduced in Ref. [49], namely, a region of space containing a source described by the energy-
momentum θµν surrounding a self-gravitating system of radius R and source Tµν . The spherically
symmetric region r > R is thus described by Eqs. (2.20)-(2.22) with Tµν = 0 and θµν 6= 0. In
particular, the outer Schwarzschild metric generated by the compact source Tµν ,
ds2 =
(
1− 2M
r
)
dt2 −
(
1− 2M
r
)−1
dr2 − r2 dΩ2 , (3.24)
will be modified by the the source θµν according to the expression (2.15), which now reads
ds2 =
(
1− 2M
r
)
dt2 −
[
1− 2M
r
+ α f∗(r)
]−1
dr2
−r2 dΩ2 , (3.25)
where the MGD function f∗ can be determined by imposing specific equations of state [49] on the
energy-momentum θµν to close the system of Eqs. (2.20)-(2.22).
Let us recall that for the Schwarzschild metric (3.24) the surface rH = 2M is both a Killing
horizon, determined by gtt = e
ν = 0, and an outer marginally trapped surface, namely, the causal
horizon where grr = −e−λ = 0. For the MGD Schwarzschild metric (3.25), the hypersurface
r = rH = 2M is still a Killing horizon, but contrary to the true vacuum Tµν = θµν = 0, it could
become a real singularity due to the effects of the energy-momentum θµν . On the other hand, the
causal horizon is now located at r = rh such that
rh [1 + α f
∗(rh)] = 2M . (3.26)
We should therefore require that rh ≥ 2M , so that the surface r = rH is hidden behind (or coincides
with) the causal horizon.
In order to solve the equations of motion (2.20)-(2.22) for the tensor-vacuum, we will consider
a generic equation of state [49] in the form
θ 00 = a θ
1
1 + b θ
2
2 , (3.27)
with a and b constants. Eqs. (2.20)-(2.22) then yield the differential equation for the MGD function
(f∗)′
[
1
r
− b
4
(
ξ′ +
2
r
)]
+ f∗
[
1
r2
− a
(
1
r2
+
ξ′
r
)
− b
4
(
2 ξ′′ + ξ′2 + 2
ξ′
r
)]
= 0 , (3.28)
whose general solution for r > rH = 2M is given by
f∗(r) =
(
1− 2M
r
)(
ℓ
r −BM
)A
, (3.29)
where ℓ is a positive constant with dimensions of a length, and
A =
2 (a− 1)
b− 2 > 0 (3.30)
B =
b− 4
b− 2 , (3.31)
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with b 6= 2 and the condition A > 0 required by asymptotic flatness. Therefore the MGD solu-
tion (3.25) for the tensor-vacuum {Tµν = 0, θµν 6= 0} reads
e−λ =
(
1− 2M
r
)[
1 + α
(
ℓ
r −BM
)A]
, (3.32)
which, beside the Killing and causal horizon at rH = 2M , contains a possible real singularity, as
we briefly discuss below. In fact, the physical content of the system is clarified by the explicit
computation of the effective density,
ρ˜ = θ 00 = −
α
k2 r2
(
ℓ
r −BM
)A [
1−A
(
r − 2M
r −BM
)]
, (3.33)
the effective radial pressure
p˜r = −θ 11 =
α
k2 r2
(
ℓ
r −BM
)A
, (3.34)
and the effective tangential pressure
p˜t = −θ 22 = −
αA
2 k2 r2 ℓ
(
ℓ
r −BM
)A+1
(r −M) . (3.35)
We see that the effective density and effective pressures diverge at
rc = BM , (3.36)
which represents a true singularity at 0 < rc < rH (therefore hidden inside the horizon) for 0 <
B < 2, that is for
b < 0 or b > 4 . (3.37)
On the other hand, for B > 2 (equivalently, for 0 < b < 2), this singularity occurs outside the
Killing horizon, rc > rH, and the system would represent a naked singularity. However, this case
could still represent the exterior space-time for a compact source of radius R > rc.
4 Einstein-Klein-Gordon system
In the previous Section we considered a generic energy-momentum tensor θµν satisfying the linear
equation of state (3.27), for which the tensor-vacuum {Tµν = 0, θµν 6= 0} generates the MGD
metric (3.32). We now wish to consider the specific case of a static scalar field ψ = ψ(r) minimally
coupled with gravity and with a self-interaction potential V = V (ψ).
Let us recall the action for this scalar field ψ in a curve space-time is given by
S =
∫ [
1
2
∇µψ∇µψ − V (ψ)
]√−g d4 x
≡
∫
L√−g d4 x , (4.38)
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whose Euler-Lagrange equation for the scalar field,
∂L
∂ψ
− 1√−g ∂µ
(√−g ∂L
∂ ∂µψ
)
= 0 , (4.39)
is just the KG equation
∇µ∇µψ + dV
dψ
= 0 . (4.40)
The energy-momentum tensor associated with the scalar field ψ is given by
θµν = 2
∂L
∂gµν
− gµν L
=∇µψ∇νψ −
(
1
2
∇αψ∇αψ − V
)
gµν . (4.41)
Upon inserting it in the Einstein’s field equations (2.6)-(2.8), we obtain the general Einstein-KG
system
k2
[
T 00 +
1
2
e−λ ψ′
2
+ V
]
=
1
r2
− e−λ
(
1
r2
− λ
′
r
)
(4.42)
k2
[
T 11 −
1
2
e−λ ψ′
2
+ V
]
=
1
r2
− e−λ
(
1
r2
+
ν ′
r
)
(4.43)
k2
[
T 22 +
1
2
e−λ ψ′
2
+ V
]
= −e
−λ
4
(
2ν ′′ + ν ′2
−λ′ν ′ + 2 ν
′ − λ′
r
)
, (4.44)
along with the conservation equation (2.10), which reads(
T 11
)′ − ν′2 (T 00 − T 11 )− 2r (T 22 − T 11 )
+e−λψ′
[
ψ′′ − λ′2 ψ′ − dVdψ +
(
ν′
2 +
2
r
)
ψ′
]
= 0 . (4.45)
For the particular case of the “scalar-vacuum” {Tµν = 0, θµν 6= 0}, the MGD-decoupling yields the
Schwarzschild deformed metric (3.25), whose deformation f∗ satisfies the set of Eqs. (2.20)-(2.22),
which in this case reduces to
k2
[
1
2
e−λ ψ′
2
+ V
]
= −αf
∗
r2
− α f
∗′
r
, (4.46)
k2
[
−1
2
e−λ ψ′
2
+ V
]
= −αf∗
(
1
r2
+
ν ′
r
)
, (4.47)
k2
[
1
2
e−λ ψ′
2
+ V
]
= −αf
∗
4
(
2 ν ′′ + ν ′2 + 2
ν ′
r
)
−αf
∗′
4
(
ν ′ +
2
r
)
, (4.48)
and the conservation equation (4.45) reads
ψ′′ +
[
2
r
+
1
2
(
ν ′ − λ′)]ψ′ = eλ dV
dψ
, (4.49)
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which is just the explicit form of the KG equation (4.40) for the static and spherically symmetric
metric (2.5).
Let us recall that the temporal metric component in (2.13) is not deformed under the MGD.
Hence the system (4.46)-(4.49) contains the three unknown functions {f∗, ψ, V } to be determined
by three independent equations among Eqs. (4.46)-(4.49). No further restriction on the system is
therefore necessary.
Despite the above, we can obtain some useful information from the generic equation of state (3.27)
introduced to close the system (2.20)-(2.21). By simple inspection of Eqs. (4.46)-(4.48), we notice
that the energy-momentum tensor θµν associated with the scalar field ψ satisfies an equation of
state like that in Eq. (3.27) with {a = 0, b = 1}, which yields {A = 2, B = 3} in the expres-
sions (3.30) and (3.31) 2. Therefore, according to the expression (3.29), the scalar field ψ will
produce a geometric deformation on the Schwarzschild vacuum given by
f∗(r) =
(
1− 2M
r
)(
ℓ
r − 3M
)2
, (4.50)
where ℓ is a constant with dimensions of a length. Also, as stated in Eq. (3.36), a naked singularity
should appear at rc = 3M . We can see this singularity for the values {A = 2, B = 3} in the generic
solution for the tensor-vacuum in Eq. (3.32), namely
e−λ =
(
1− 2M
r
)[
1 + α
(
ℓ
r − 3M
)2]
. (4.51)
Indeed, the Ricci scalar Rαα and the Ricci-Ricci scalar RαβR
αβ present a singularity 3 at r = rc =
3M ,
R αα = −
2α ℓ2
(r − 3M)3 r (4.52)
RαβR
αβ =
4α2 ℓ4(3M2 − 3M r + r2)
(r − 3M)6 r4 . (4.53)
We must conclude that the solution (4.51) cannot represent a black hole but the exterior geom-
etry of a self-gravitating system of radius R > rc, surrounded by a spherically symmetric minimally
coupled scalar field ψ, which satisfies
ψ′
2
=
2α ℓ2
k2 (r − 3M) r [α ℓ2 + (r − 3M)2] , (4.54)
and whose potential V is given by
V =
α ℓ2M
k2 r2 (r − 3M)3 . (4.55)
2We notice though that a = 0 makes such an equation of state singular, since we cannot express θ 11 ∼ p˜r as a
function of ρ˜. This is the reason we cannot guarantee all scalar field solutions can be expressed in the form given in
this paper.
3The expression for the Kretschmann scalar RαβγδR
αβγδ is too large to display here, but it also diverges for
r = rc = 3M .
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Figure 1: Effective variables {ρ˜, p˜r, p˜t}× 104 around a self-gravitating system of radius R = 5 and
mass M = 1 for α ℓ2 = 0.7.
In order to find the functional V = V (ψ), we consider the expressions in Eq. (4.54) at first
order in α, hence we have
ψ′
2 ≃ 2α ℓ
2
k2 r (r − 3M)3 , (4.56)
which yields (for simplicity, we set the integration constant to zero)
ψ2 ≃ 8α ℓ
2
9 k2M2
r
(r − 3M) . (4.57)
Using the expression (4.57) in Eq. (4.55) we obtain 4
V ≃ α ℓ
2
243 k2 M4
ψ6
K6
(
1− K
2
ψ2
)5
; K2 ≡ 8α ℓ
2
9 k2M2
. (4.58)
The scalar field ψ fills the Schwarzschild vacuum with an effective density
ρ˜ = θ 00 =
α
k2 r2
ℓ2
(r − 3M)3 (r −M) , (4.59)
an effective radial pressure
p˜r = −θ 11 =
α
k2 r2
(
ℓ
r − 3M
)2
, (4.60)
and an effective tangential pressure
p˜t = −θ 22 = −ρ˜ . (4.61)
We see that the dominant energy condition for both pressures, namely, ρ˜ ≥ |p˜r| and ρ˜ ≥ |p˜t|,
is satisfied. Figure 1 shows the density and pressures in (4.59)-(4.61) respectively for α ℓ2 = 0.7.
4Note that this expression is regular for α → 0 when computed for the solution ψ2 ∼ α, but the limit becomes
singular off-shell.
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5 Solar System classical tests
Results from solar system tests remain among the pivotal observational evidences of GR. For this
reason, previous developments obtained with the MGD approach were confronted with the classical
tests in Ref. [32], thereby deriving upper bounds for the MGD parameters. More recently, relevant
observational results from the lensing in the strong field limit were included [33]. Now, we first
observe that the solution in Eq. (4.51) in fact contains just one free parameter L2 ≡ α ℓ2, which
we will place bounds for, by analysing the perihelion precession of Mercury together with the light
deflection by the Sun.
5.1 Perihelion Precession
Orbits in a static spherically symmetric space-time are usually described by employing u = 1/r so
that the geodesic equation reads [58]
d2u
dφ2
+u = k(u) . (5.62)
For the metric (3.25) with the MGD in Eq. (4.51), one finds
k(u) =
1
2L2 (1− 2M u)2
×
{
6L2M u2 (1− 2M u)2 − L2
(
1
u
− 3M
)1/2
×
[
−E
2
2
+ L2 u2
(
2M u
{
9M u− 7
2
}
− 6M u− 5
)]}
, (5.63)
where E is the energy, L = 2 a2π
√
1− e2/T the angular momentum, the period T and eccentricity
e.
One denotes by γ2(u) = 1 − k′, where k′ = dk/du, a scalar to be evaluated on the circular
orbit determined by u = u0, u0 being a root of u0 = k(u0). For small values of k
′(u0), the
perihelion advances by k′(u0)/2 [32]. Any further deviation out of the circular orbit is ruled by
δ/δ0 ∼ sin (γ(u)φ + π/2 + θ), where δ0 and θ are constants [58]. In the geometry described by the
metric element (4.51), a complete orbit corresponds to an angle φ = 2π/γ(u), with
γ(u) =
M
(
1
u − 3M
)−1/2
4L2 u (2M u− 1) (5.64)
×{L2 u2 [2L2 (2− 3M u) + 2u (6 {2M u− 1}
×
{[
1
u
− 2M
] 1
2
+ L2
}
− L2
)]
− E2 L2
}
.
The perihelion advance reads δφ = δφGR−f(L, a0,M), where δφGR = 6πM/a
(
1− e2) denotes the
Schwarzschild precession formula and f(L, a0,M) is a correction that can be estimated numerically
from the above Eq. (5.64). By converting to the usual SI units, in which the speed of light
10
c = 2.99792 × 108 m/s, the Newton constant GN = 6.67429 × 10−11 m3/Kg s2, the Sun mass
M⊙ = 1.98855 × 1030 kg and the Sun radius R⊙ = 6.95660 × 108 m, a = 5.79112 × 1010 m and
e = 2.056154 × 10−1, it yields δφ − δφGR = 0.13 ± 0.22 arcsec/century. Upon comparing with
experimental data, this yields a bound
L . (1.21 ± 1.34) × 10−7m. (5.65)
5.2 Light Deflection
Photons travel along null geodesics, whose equation of motion reads
d2u
dφ2
+ u =
1
2
dp(u)
du
, (5.66)
where p(u) = e−ν−λ (E2/L2)+ g(u)u2, and g(u) = 1− e−λ. The lowest order approximation yields
u = cosφ/a0, where a0 is the distance of closest approach to the stellar distribution of massM . The
total deflection angle of light rays, δ = 2 ε [58], for the geometry in Eq. (4.51) yields g(u) = 2M u,
resulting in
p(u) =
a0 − 3M
2L2 (1− 2M u)2
{
a0 L
2 u2
1− 3M u
[
L2 u2
× (6M u− 5− E2 {2M u− 3} − 4M u {4M u− 3})]
+3M Lu
(1− 3M u)2
a0 − 2M (2u+ 1− 3M u)
}
. (5.67)
The total deflection angle reads δφ ≃ 4M/a0 + f1(L,M, a0), where f1 is a complicated function of
the MGD parameter L2. The best available data regarding light deflection by the Sun come from
long baseline radio interferometry, yielding δφ = δφGR(1+κ), where κ . 1×10−3, for δφGR ∼ 1.75
arcsec. In the limit (M/a0)
2 ≪ 1, E2 − 1≪ 1 and M ≪ L, it numerically implies that
L . (1.34 ± 5.36) × 10−7m, (5.68)
which is (slightly) less constraining than Eq. (5.65) due to the larger error.
6 Conclusions
By making use of the MGD-decoupling approach, we have presented in detail how the Schwarzschild
metric is modified when the vacuum is filled by a spherically symmetric KG scalar field ψ, which
gravitates but does not interact directly with the matter that sources the Schwarzschild solution.
We found that the scalar field deforms the Schwarzschild solution in such a way that a free
parameter L2 ≡ α ℓ2, which encodes the anisotropy associated with ψ, appears explicitly in the
new solution, as we see in Eq. (4.51). The main characteristic of this solution is that it shows
a singularity at r = rc > 2M , and it cannot therefore represent a black hole but the exterior
geometry of a self-gravitating system of radius R > rc, surrounded by a spherically symmetric
minimally coupled scalar field ψ. This scalar field defines a fluid whose density and pressures satisfy
the dominant energy conditions, and whose main consequence is that it weakens the gravitational
field of the central source of the Schwarzschild metric.
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By using two Solar System classical tests, namely, the perihelion precession and the light de-
flection, we bounded the value of the free parameter L associated with the scalar-vacuum. These
values, presented in Eqs. (5.65) and (5.68), show that the perihelion precession gives a more strin-
gent upper bound for this parameter, namely, L . (1.21 ± 1.34) × 10−7m.
Finally, we want to notice that since the temporal metric component in Eq. (2.5) is not deformed
under the MGD, the field equations for the tensor-vacuum {Tµν = 0, θµν 6= 0}, namely the “quasi-
Einstein” system in Eqs. (2.20)-(2.23), contains four unknown functions {θ 00 , θ 11 , θ 22 , f∗} to be
determined by three independent equations in the system (2.20)-(2.23). Therefore we need to
introduce an additional restriction on the tensor-vacuum to solve it, as indeed was developed in
Ref. [51]. However, in the case of the scalar-vacuum (4.46)-(4.49), we have three unknown functions
{f∗, ψ, V } to be determined by three independent equations among those in Eqs. (4.46)-(4.49).
Hence, no further restriction is necessary. The above is very significant, since it shows that under the
MGD-decoupling, the Schwarzschild vacuum has associated a specific scalar configuration {ψ, V },
which will produce a specific anisotropy through the deformation f∗ = f∗(r) in Eq. (4.50). We
conclude that there is no black hole solutions in the Einstein-KG system under MGD-decoupling.
However, the extension of the MGD-decoupling based in the extension of the MGD-approach, as
developed in Ref. [25], could still yield black hole solutions. This development goes beyond the
objective of this article.
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